ABSTRACT. For numerable vector bundles a nonzero section determines a unique trivial line subbundle containing the section and this subbundle is a direct summand of the bundle. The main result, a consequence of concordanceisotopy theory, states that in the metastable range a nonzero section to a piecewise linear R" bundle determines a unique trivial line subbundle and that this is the best possible result. This fact is then compared with the known failure of the summand property below the stable range. . Several consequences of this observation are discussed in light of the main purpose of this paper, a study of the consequences of nonzero sections in the metastable range. The main theorem states that, in this range, a nonzero section determines a unique trivial line bundle containing the section. We shall also show that this is the best possible result.
properties of the simplicial category see Curtis [9] , for the block category see Rourke and Sanderson [22] , and for the piecewise linear category see either Zeeman [27] or Hudson [14] .
Objects in the simplicial and block categories are distinguished by a tilde (~) appearing over the objects in the block category. Thus íl¡(X) and U¡(X) denote the ith homotopy groups of an object in the simplicial category and the z'th block-homotopy groups of a related object in the block category. It will be important to compare these groups by including them in an exact sequence, cf.
Morlet [21] , -ntix) -n¿(z) -> \i}el(x) ->. This is accomplished by defining U]ei(X) to be the group of (simplicial) arc components of Cl'X which do not contain elements of Q'X, where the "loops" are taken in the appropriate category. (iv) for any simplex A linearly embedded in As, (TV x A, F(M x A)) is a locally unknotted manifold pair. If/is not specified this complex is denoted by E(M, N). The block complexes, E(M, N; f) and E(M, N), are defined as above except that condition (i) is replaced by (T) for all faces A' of As, F\(M, bM) x A' is an embedding of (M, bM) x A' into (N, bN) x A'. Definition (2.2). Let (K, K0) be a piecewise linear space. The complexes of proper piecewise linear homeomorphisms of (K, K0) onto itself which are fixed on K0 ate denoted H(K, K0) and H(K, K0). If K is a manifold the subcomplex of H(K, K0) of homeomorphisms which are fixed on bK U K0 is denoted by Hd(K, K0). lfK0 is empty these spaces are denoted by H(K) and Hd(K), respectively.
Remark (2.3). Inasmuch as all the definitions have analogues in the block category which are apparent, given those in the simplicial category, only the simplicial definitions will be given.
Definition (2.4). The complexes of germs of proper embeddings of (M, bM) into (N, bN) extending / and of germs of homeomorphisms of K which extend fate denoted by GE(M, N;f) and GH(K;K0), respectively. The first, for example, consists of the simplices of the complexes of proper embeddings of neighborhoods (U, U0) of (K, K0) into (N, bN) which extend f\K0.
Definition (2.5). The complex of proper piecewise linear maps of (
Definition (2.6). Let /: (L0, L0) -*■ (L, L0) denote the inclusion. The subcomplex of U(L, L0 ; i) consisting of homotopy equivalences is denoted by N(L, L0), that is to say if F is an s-simplex of hl(L, L0) there is another s-simplex G of N(L, L0) such that FG and GF ate homotopic to the identity through homotopies which are fixed on L0, leave L\L0 setwise invariant, and respect the projection to A* x /. If L is a manifold and L0 = bL then U(L, L0) is denoted by Ud(L). The subcomplex of those equivalences keeping a subcomplex K fixed is denoted by Ub(L)K.
Remark (2.7). It is easy to see that Hj(H(L, L0)) is isomorphic to \lj(lh(L, L0; /)), via the inclusion, for j> I. Several simplicial fibrations and quasi-fibrations will be required in the next section. These are recognized via standard methods, cf. [17] , [21] , by employing Hudson's s covering isotopy theorem. Definition (2.11). Let p: E -*■ B be a simplicial map and G a simplicial (2.13) Note that Kuiper and Lashof define PL(n, k) = GH{R", Rk) while here PL(n, k) = H(Rn,Rk). As noted below these two groups have the same homotopy type. Let PL(n, k) = Hd(D",Dk).
To study these, and related spaces, it is necessary to consider several fibrations whose definitions are related. To begin, let ys: Hd(Dm x Rn,Dm x Rk) -* GHd{Dm x R", Dm x Rk) he the projection of a homeomorphism to its germ. (2.20) Proof of Proposition (2.14). The proofs of each of the cases follows the same format. First in each case it is clear that the indicated fiber is a group which acts transitively and freely on each fiber. Thus it need only be shown that the projection is onto (or onto the arc components of the base which meet the image in the case of a weak fibration). The first three cases follow from the techniques of Microbundles and bundles. I [17] and Hudson's s-isotopy extension theorem [13] as indicated in the proof of Lemma 1.1 in Kuiper and Lashof. The final two cases are handled in much the same fashion in that Zeeman's un-knotting theorem [27] is employed in (2.18) with the s-isotopy extension theorem, while in (2.19) no statement concerning the image is given so that the s-isotopy extension theorem is sufficient. This corollary follows easily from Propositions (2.14) and (2.21), and standard facts for simplicial fibrations.
Proposition

Corollary
(2.24). Iff: (Dm, 27"-1) -► (Dm+n, 2m+"-1) is a proper piecewise linear embedding and n > 3, then E{Dm, Dm+";f) is contractible.
(2.25) Proof of (2.24). Zeeman's unknotting theorem [27] implies that there is a proper piecewise linear homeomorphism F: Dm+n -> Dm+" extending f,i.e.,F\Dm x {0}=/. F induces a homeomorphism F': E{Dm,Dm xDn;j)-* E{Dm,Dm+n;f\ 2m_1) and thereby proves the corollary.
An extension of the proof of Lemma (1.7) of Kuiper and Lashof [17] gives the following proposition which is required for the description of several useful quasi-fibrations. which is a homotopy equivalence since its fiber is contractible, by (2.21). Thus "(761)" ° 7s'= ß is a homotopy equivalence from Hd{Dm x R",Dm x {0}) to rld{Dm x 2", Dm x (1, 0, ... , 0)). Since (2.19) is a fiber bundle, «2 > 0, and a and ß ate homotopy equivalences there is an exact sequence for Hh(Dm xR",Dm x {0}) "fo >" ° ß > Í2fia(£>m~1 xJR"+1,£)m-1 x {0}) (ev)°a > E(Dm,Dm x2";/).
A fundamental result of the study of concordances and isotopies [18] is the following theorem which provides the key to the metastable theory of nonzero sections.
Theorem (2.37). Let f: (Dm, 2m_1) -* (N, bN) be a proper piecewise linear embedding. If Tlj(N) = 0, / < k and n -m > 3, then ns(Cd(Dm,N), ld(Dm,N)) = 0fors<n+k-m-3.
3. The metastable theory of nonzero sections. In employing the methods developed in the previous section to the study of nonzero sections to piecewise linear bundles a key piece of information is supplied by the following theorem. Let Gn+X denote «(2") and Fn denote «(2", (1,0,..., 0)). Note that suspension gives an inclusion of Gn as a subcomplex of Fn.
Proposition (3.1). If « > 3 there is a homomorphism
Us(E(Dm,Dm x 2";/)) -rii+m(2") © Us+m(Fn, Gn), where j: Dm -* Dm x 2" is given by j(x) = (x, (1, 0, . . . , 0)), which is an isomorphism if s < 2« -3 and an epimorphism if s = 2« -3.
(3.2) Proof of Proposition (3.1). The proof is by induction on s. The case s = 0 is precisely Corollary 2.18, page 454, of Rourke and Sanderson [22] which states, in effect, that U0(E(Dm,Dm x 2";/)) is isomorphic to UmiGn + i> Gn) for « > 2-» * easily noted that flm(Gn + x,Gn) s nm(2") © flm(Fn, Gn) and that the homomorphism from II0(E(Dm, Dm;/)) onto the nm(2") summand is defined by taking the homotopy class of the projection of the embedding, relative to its boundary, in 2". Assume, inductively, that the proposition has been verified for s = 0, 1, ...,*-1. First Tlk(E(Dm,Dm x 2";/)) a Wk_x(ÜE(Dm,Dm x 2";/)).
Since nE(Dm,Dm x 2";/) = lh(Dm,Dm x 2"), Ylk_x(aE(Dm,Dm x 2";/))=* Uk_x(îd(Dm,Dm x 2")). By Theorem (2.37), if « > 3 and k < 2« -3 (k = 2« -3), the inclusion of îd(Dm,Dm x 2") in Cd(Dm,Dm x 2") induces an isomorphism (epimorphism) on Uk_x. Furthermore Cd(Dm,Dm x 2") is E(Dm + 1,Dm + 1 x 2";/) so that by induction Uk_x(Cb(Dm,Dm x 2")) is isomorphic to nfc+m(2") © nfc+m(Fn, Gn). The composition of these isomorphisms gives the isomorphism \lk(E(Dm,Dm x S";;)) ~ Uk+mCL") © Uk+m(Fn, Gn).
One also notes that the projection of Uk( E(Dm, U" x 2";/)) onto the nfc+m(2") summand is defined by taking the homotopy class of the projection of the k simplex F of embeddings, relative to the total boundary, p(2) ° F: Dm x A* -► 2".
Let \PL(n) = H(R", {0, (1, 0, ... , 0)}) and PL(n, k) = H(R",Rk) denote the simplicial groups of piecewise linear R" bundles with nowhere zero sections and trivial sub-Z?fc-bundles, respectively.
Proposition ( where p is the projection given by p(f) = p(2) ° fand i is the inclusion. The homotopy lattice of this diagram [19] gives an isomorphism U^iEiDKD1 x S""1;/), /(S22"-1)) s n^mPLfr), SlPL(n, 1)).
The exact sequence of this pair of base complexes and Proposition (3.1) implies that there is a homomorphism IV^EP1,^1 x 2"-1;/),/(i22"-1))^ns(F"_1,G"_1)
which is an isomorphism if s < 2« -4 and an epimorphism if s = 2« -4 proving the proposition.
A result of James [15] implies that Us(Fn_x, Gn_x) = 0 if s < 2« -4 so that Corollary (3.4) follows from Proposition (3.3) by the usual obstruction theory for fiber bundles. Since U2n_4(Fn_x, Gn_x) can be nonzero, Corollary (3.5) is proved in the same manner.
Corollary (3.6) follows directly from the homotopy sequence of the fibration (3.8) recalling that n4(0 = ns(PL(n)/PL(n, 1)) = Tls(PL(n), PL(n, 1)) a IViífiPZÍ«), OPL(n, 1)) a IViiEp1,/)1 x 2""1;/)) and that n/S«"1) © Us(Fn_x, G"_x) ~ n,(fJ", G".x). 4 . Anomalous behavior near the stable range. The study of piecewise linear bundles is facilitated by a modification of an exact sequence of Kuiper and La- shof [17] .
Proposition (4.1). There is an exact homotopy sequence
(4.3) Construction of the exact sequence. In the same manner that the quasifibration (2.28) was constructed via Proposition (2.14) in the proof of (2.27) one may construct a quasi-fibration is contractible and applying (2.23), parts (ii) and (iii) with m = 0. The inclusion of the fibers in (4.6) is just a disguised form of the inclusion of PL(n -1) in lPL{n). The homotopy lattice of (4.6) then shows that n¡{lPL{n), PL{n -I)) is isomorphic to H¡(H{Rn, {0}), H(2rt_1)). This is isomorphic to II,. (mapping cylinder 7, ft(Z>\ {0})) which, from (4.5), is isomorphic to Tl^iH^iD1 x 2"-1)). If we let C"_! = C3 (2"_1, 2"-1; 1) = Hd {D1 x 2"-1) and insert the isomorphism between YlJ(lPL{n), PL(n -1)) and nHX(C"-X) into the exact sequence of the pair (lPL(n), PLin -1)) we have the sequence (4.2).
Corollary (4.7). Ifn>4, then t*: XlAjLty -1)) -► n^lZ^Z-i«)) is an isomorphism ifi<n and an epimorphism for i = n + 1. is an isomorphism for i < « + 1 and an epimorphism for i = n + 2.
(4.9) Proof of Corollaries (4.7) and (4.8). In Theorem (5.3) of [20] it is shown that ni(C3o(2""1, 2"_1; 1)) is trivial for i < n. Thus Corollary (4.7) follows immediately from (4.2).
Recalling that in the proof of (4.1) it was shown that U¡{lPLn,PLn_x) = flj-X{C"-X) Corollary (4.8) follows from the exact sequence of the triple (PL(n), lPL(n),PL(n-l)),
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use [21] and Kirby and Siebenmann [16] have shown that for n > 5 n,.+n+1(D) a n.-ic?^^"-1, ö"-1 ; 11 s"-2))
where the superscript DIFF denotes the extension of the definitions given in §2 to the differentiable category with the usual modifications near boundaries, cf.
[4], [21] . Cerf [SlhasshownthatnoíC^^"-1,/)"-1; ll2"-2)) = 0if«> 5 while Hatcher [11] and Volodin [26] have shown that
TJtCDJFF^-i^-i. , |<g )) s z2 + wh3(o) if n > 9. As a consequence one notes that ni(C"_1) -n<+ ,(D), which is nontrivial for / = « + 1.
Proposition (4.11). For n>9, Un+2(PL(n, 1), PL(n -1)) ¥= 0.
(4.12) Proof of (4.11). Proposition (3.3) states that Tls(lPL(n),PL(n, 1)) s fts(F"-x, Gn_l) if s < 2« -4. As observed before, this latter group is trivial in this range so that (4.2) implies that Un + 2(PL(n, l),PL(n -1)) a« n" + 1(C"_,).
However, the previous remark shows that this group is nonzero. (4.13) In summary we have shown in §3 that in the metastable range a nonzero section gives rise to a unique trivial sub-i?1-bundle, but that this fails just below the metastable range. The previous proposition shows that in the stable range a trivial sub-/?1 -bundle splits the bundle but that this fails to hold just below the stable range. This failure of the splitting also shows that Un + 2(PL(n), PL(ri)) ¥=0iîn>9, cf. [25] .
